m of primitive polynomial and the characteristic p of the base field. On the other hand, the pseudo random binary sequences of [3] have two parameters p and m and a new variety of pseudo binary random sequences were successfully constructed for which some important properties such as their period, and auto-correlation, linear complexity have been theoretically proven. This result is extended here to the generation of pseudo random multi-valued sequences.
The pseudo random multi-valued sequence proposed in this paper is briefly introduced as follows. Let p be an odd characteristic and m be the degree of a primitive polynomial f (x) over prime field F p . Then, f (x) is able to generate a maximum length sequence over is a maximum length sequence of period p m − 1, where Tr (·) is the trace function over F p . Based on this fact, the proposed approach applies the k-th power residue symbol for mapping the trace sequence S to the multi-valued sequence T , where T consists of integers between 0 to k − 1 and k needs to be a prime factor of p − 1. Most of the previous works in this area are basically focused on binary sequences [4] , [5] . On the other hand, this paper adapts power residue symbol for the mapping from S to T , and it is shown that the obtained multi-valued sequences T has a period of n = k(p m − 1)/(p − 1) and a typical periodic autocorrelation. This paper also discusses their linear complexity together with small examples. It is experimentally observed that the linear complexity of the sequence T becomes 2(p m − 1)/(p − 1) without any exceptions. Thus, the linear complexity does not depend on the parameter k while the period does. For the case of m = 2, the linear complexity is theoretically proven. Then, this paper shows some examples. We should note that the previous work in [3] is reduced to the case k = 2 of this paper. Even though there are a few papers in this area [6] , [7] , this paper shows a new variety of pseudo random multi-valued sequences.
Throughout this paper, p and q denote an odd prime number and its power q = p m , respectively, where m is a natural number and mainly denotes extension degree. A multi-valued sequence in this paper means: a sequence that consists of integer coefficients between 0 to k − 1, where k is a prime number such that k divides p − 1. While the
Copyright c
⃝ 2017 The Institute of Electronics, Information and Communication Engineers focus of this paper is over an odd characteristic prime field F p as the base field, the results hold over an arbitrary odd characteristic extension field as base field.
Contributions of This Paper
The main features of the pseudo random multi-valued sequence proposed in this paper are summarized as follows.
Theoretically proven
• number of each value in one period • periodic autocorrelation with k peaks
Experimentally observed for many cases
Preliminaries
This section presents a review of mathematical fundamentals such as primitive element, power residue symbol and its property, trace, dual basis, multi-valued sequence, autocorrelation of multi-valued sequence, and linear complexity. As previously noted, k is a prime factor of p − 1.
Primitive Element and Primitive Polynomial
It is well known that every finite field F q has a primitive element that generates F * q . In other words, let g be a generator, then every non-zero element can be expressed by its power 
It is extended for a prime factor k of p − 
with the exponentiation of (p − 1)/k is similarly defined as follows.
(
In the above equation, ϵ i k just means a certain power of ϵ k , where 1 ≤ i < k. In the same way as Legendre symbol, the power residue symbol is generally used for checking whether a is a k-th PR in F p . In this paper, it is used to translate a trace sequence † over F p to a k-valued sequence.
The following property of the k-th power residue symbol over F p is known. 
Therefore, since
, the number of elements such that its k-th power residue symbol becomes ϵ j k is equal to (p − 1)/k. The others are k-th PNRs. □
Trace and Its Properties
This paper uses the trace function to map an extension field element X ∈ F p m to a prime field element x ∈ F p as
The trace function has a linearity property over the prime field F p as follows, where a, b ∈ F p and Y ∈ F q .
The following property of the trace function will be useful: Thus, the number of elements in F * q whose trace is equal to zero is given by q/p − 1.
Dual Bases
The dual basis used for some proofs in this paper is defined as follows:
is called the dual basis of A. □
The dual basis of an arbitrary basis is uniquely determined in [8] . In this paper, the following property [3] is important.
Property 4. Let A and B be a basis and its dual basis in F p m , respectively. According to the definition of dual basis and the linearity of trace function, if α l of a basis A in F p m is a non-zero prime field element,
where
Multi-Valued Sequence and Its Periodic Autocorrelation
In this paper, a k-valued sequence S is denoted as:
where s i ∈ {0, 1, · · · , k − 1} and n is the period of the sequence such as s i = s n+i . The periodic autocorrelation R S (x) of sequence S shifted by x is defined as
whereε k is a primitive k-th root of unity over the complex numbers. It follows that
In the case of k = 2, we have thatε k = −1 and S becomes a binary sequence [3] . According to previous works on geometric sequences [4] , [9] , [10] , a binary sequence is generated with a primitive element ω, trace function Tr (·), and some binarizing function f (·) as Eq. (11), where the trace function maps an extension field element to a prime field element:
As shown below, this paper utilizes the power residue symbol for the above function f (·) by which trace values Tr
are translated to k-values denoted by s i .
Linear Complexity
Since this paper considers multi-valued sequences with coefficients {0, 1, · · · , k − 1}, the linear complexity LC(S) of sequence S of period n is defined as follows:
where h S (x) of S = {s i } is defined as
It is noted that gcd(x n − 1, h S (x)) in Eq. (12) needs to be evaluated over F k , where k is a prime number such that k divides p − 1. It is said that the linear complexity of pseudo random sequences for security applications is preferred to be large. On the other hand, as an counter example, it is known that the maximum length sequence of period p m − 1 has the minimal linear complexity m.
Proposal of a Multi-Valued Sequence
Let ω and n be a primitive element in extension field F p m and the period of the proposed multi-valued sequence, respectively. This paper proposes the following sequence T by utilizing the trace function, power residue symbol defined by Eq. (2), and a mapping function f k (·).
where i = 0, 1, 2, · · · . We define the mapping function f k (·), with a k-th primitive root of unity denoted by ϵ k ∈ F * p , as follows:
The number of l's in the proposed multi-valued sequence T within the period n is shown in Appendix. Since the input for f k (x) is 0 or ϵ i k from Eq. (14a), note that f k (x) outputs 0 for both cases of x = 0 and 1 = ϵ 0 k . Thus the period n of the proposed sequence T is given by:
The periodic autocorrelation of T is given as follows:
□ Note that k divides n as shown in Eq. (14c). The periodic autocorrelation of the sequence T is obtained by combining the following four relations, wheren = (p m − 1)/n = (p − 1)/k and j = 0, 1, 2, · · · . In addition, for the case that x is divisible by n/k, we define r = (xk/n) mod k. 
3.1 Overview of the Proof of Prop. 5
In Eq. (15), if x = 0, we have
Otherwise, dividing Eqs. 
Proof of Eq. (16a)
First, the linearity of trace function leads to
Then, corresponding to whether or not Tr ( ω i ) = 0, the power residue symbol leads to
Thus, it is shown that t jn+i is equal to t i regardless of whether or not Tr
Proof of Eq. (16b)
Similar to Sect. 3.2, we have that
Then, corresponding to whether or not Tr
Proof of Eq. (16c)
According to Eq. (16a), the left hand side of Eq. (16c) becomes
Proof of Eq. (16d)
Consider the following two cases.
If n/k Divides x
According to Eq. (16b), t i+x becomes t i or r + t i mod k corresponding to Tr 
Since the number of trace zero elements including the zero vector is p m−1 , N Tr(ω i )=0 is given by:
Thus, the following relation is obtained.
Otherwise
In this case, ω x does not belong to F p . Let the basis for representing elements in F p m be
in which α 2 , α 3 , · · · , α m−1 can be arbitrary linearly independent elements. It is important that the above basis includes ω x F p and 1 ∈ F p . Suppose its dual basis is:
An arbitrary element in F * p m is uniquely represented with this dual basis as:
According to Prop. 4, its trace is given by:
On the other hand, the trace of ω i+x is given by
Thus, t i+x − t i is represented as:
Since ω i represents every non-zero element in F p m with i = 0, 1, 2, · · · , p m − 2, the relation shown in Eqs. (33) below is obtained to which Prop. 2 needs to be referred. The second term of the right hand side of Eq. (33a) below is for excluding the zero vector.
Small Examples
Then, the proposed binary sequence of period n = 8 given by Eqs. (14) is obtained as follows. 
Example 2 Let p = 7, m = 3, and k = 3. Let the primitive polynomial f (x) be x 3 + 2x 2 + 6x + 2 and its zero be ω in F 7 3 . Then, the proposed binary sequence of period n = 171 is obtained as
In the same way as Eq. (35), its autocorrelation becomes
Linear Complexity
The linear complexity of the proposed sequences was computed for many values of p, m, and k. According to the experimental result, LC(T ) was equal to 2(p m − 1)/(p − 1) without any exceptions. It does not depend on k. If this experimental observation is theoretically proven, when k = 2 for example, the linear complexity takes the maximum value because the period and the linear complexity are both given by 2(p m −1)/(p−1). Its theoretic proof seems to be difficult; however, for m = 2, it is proven below.
Let us consider m = 2 in what follows. Note that the sequence T defined by Eq. (14a) consists of {0, 1, · · · , k−1}, where k is a prime number that divides p − 1 in this paper. Then, consider the following polynomial over F k with the proposed multi-valued sequence T = {t i } of period n.
Since n is given by k(p + 1) when m = 2, it results in Eq. (39a) below, where it should be noted that the trace function has a linearity over F p and ω p+1 ∈ F p . Since ω is a generator of F *
. According to finite field theory [8] , among ω i for 0 ≤ i < n ′ , there is only one element whose trace with respect to F p becomes 0. Let the exponent of the element be u. In other words, u satisfies Tr (ω u ) = 0 and 0 ≤ u < n ′ and its Legendre symbol
Then the following relation holds:
For i = u, according to
Substituting these relations to Eq. (39a) with respect to u, Eq. (39b) is obtained. Thus, for m = 2, LC(T ) for the proposed multi-valued sequence T is given by
In the calculations of Eqs. (39) and Eq. (41), it should carefully noted that polynomials are defined over F k . In addition, note that (x p+1 −1)/(x−1)− x u in Eq. (39b) is not divisible by x−1 over F k since k is a prime factor of p−1 in this paper. As shown above, in the case of m = 2, it has been theoretically proven that the proposed sequence has the linear complexity 2n/k, or 2(p m − 1)/(p − 1). This does not depend on the parameter k. For the other cases, as previously indicated, such a typical feature has been experimentally observed.
Small Examples Example 1
For the sequence Eq. (34), where p = 11, m = 2, and k = 2, the linear complexity becomes maximum and equal to 24. This was shown as the preceding theoretic proof.
Example 2
For the sequence Eq. (36), where p = 7, m = 3, and k = 2, the linear complexity becomes 114. This was experimentally observed.
Conclusion and Future Works
In this paper, a method was proposed to generate multivalued sequences including binary sequences based on a primitive element over odd characteristic field F p m , the trace function and power residue symbols. Some typical features were analyzed, such as period, periodic autocorrelation and its maximal and minimal values, the number of values in the sequence per period, and the linear complexity. Specifically for the case of m = 2, the linear complexity was theoretically shown. Some experimental observations were also introduced. As future works, the following points should be researched:
• Cross-correlations with other primitive polynomials.
• Other tools instead of power residue symbol.
• Observing the distribution of bit patterns.
• Evaluating the randomness.
• Efficient algorithm to generate the proposed sequence.
Appendix: The number of l's in T Denote the number of l's, l ∈ F k in the proposed sequence T = {t i } within a period by N t i =l . Then, they are given by As shown above, the number of 0's are relatively larger than those of the others. It is caused by the mapping function f k (·) defined by Eq. (14b). When m = 2, the difference between N t i =0 and N t i =l, l 0 is just k. Of course, ∑ 0≤l<k N t i =l is just n that is the period of the sequence. It is proven as follows.
Let n ′ = n/k = (p m − 1)/(p − 1) and let ω be a primitive element in F * p m . Since the period of the proposed sequence T is equal to n, let us consider n non-zero elements in F * 
